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ABSTRACT
We show, using the N-body code GADGET-2, that stellar scattering by massive clumps can
produce exponential discs, and the effectiveness of the process depends on the mass of scat-
tering centres, as well as the stability of the galactic disc. Heavy, dense scattering centres in
a less stable disc generate an exponential profile quickly, with a timescale shorter than 1 Gyr.
The profile evolution due to scattering can make a near-exponential disc under various initial
stellar distributions. This result supports analytic theories that predict the scattering processes
always favour the zero entropy gradient solution to the Jeans/Poisson equations, whose profile
is a near-exponential. Profile changes are accompanied by disc thickening, and a power-law
increase in stellar velocity dispersion in both vertical and radial directions is also observed
through the evolution. Close encounters between stars and clumps can produce abrupt changes
in stellar orbits and shift stars radially. These events can make trajectories more eccentric, but
many leave eccentricities little changed. On average, orbital eccentricities of stars increase
moderately with time.
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1 INTRODUCTION
Discs with an exponential surface brightness profile are ubiqui-
tous in spiral galaxies, dwarf elliptical galaxies and some irregular
galaxies (Boroson 1981; Ichikawa et al. 1986; Patterson & Thuan
1996). Near-exponential discs observed in very high redshift galax-
ies (Elmegreen et al. 2005) indicate that an exponential profile can
form fast. Especially, Bowler et al. (2017) showed near-exponential
surface brightness profiles for bright Lyman-break galaxies at z ≈ 7
observed by the Hubble Space Telescope. Detailed studies on galac-
tic discs show that exponential profiles can be classified into three
types (Freeman 1970; Pohlen & Trujillo 2006; Herrmann et al.
2013). A Type I radial profile is a single exponential across the
entire galactic disc. Type II profiles and Type III profiles are com-
posed of an inner exponential and an outer exponential with different
slopes. For Type II, the exponential in the outer disc is steeper. For
Type III, the exponential in the inner disc is steeper. Observations
show that Type II are more common in late-type galaxies (Pohlen
& Trujillo 2006; Herrmann et al. 2013).
Although the observation of exponential profiles is clear, un-
derstanding its origin and robustness is difficult. Popular theories on
the formation of an exponential disc include collapse of uniformly
rotating spherical halo without redistribution of angular momen-
tum (Mestel 1963), viscous accretion of gas (Lin & Pringle 1987),
? E-mail: jianwu@iastate.edu (JW)
gravitational influence due to a central bar (Hohl 1971), and galaxy
interactions (Peñarrubia et al. 2006). However, as Elmegreen &
Struck (2013) pointed out, these theories all have limitations, es-
pecially when trying to explain the ubiquity of an exponential disc
and its time-efficient formation. For example, the theory of viscous
gas accretion requires shear and differential rotation in a disc, but
many dwarf galaxies with nearly solid-body rotation establish an
exponential.
Sellwood & Binney (2002) showed that spiral arms can scatter
stars around the corotation and Lindblad resonance radii, and lead
to permanent stellar migration. We refer to it as resonant radial mi-
gration. A characteristic of this radial migration is that the change in
orbital radius does not significantly increase orbital random energy.
Hence a star in a circular orbit remains in a low eccentricity after
radial migration. When a bar is present in addition to spiral arms,
Minchev & Famaey (2010) showed that the resonance overlap be-
tween a bar and spirals can trigger nonlinear responses from stellar
orbits. In this scenario, radial mixing of stars takes place in a much
faster way.
Although the theories related to radial migration have been
known for many years, the efficiency of this type of mechanism
in producing an exponential profile is unclear. On one hand, radial
migration can scatter stars from the inner disc to the outer disc,
contributing to the creation of an outer exponential (Roškar et al.
2008; Sánchez-Blázquez et al. 2009). On the other hand, radial
migration is more effective when the spiral pattern is strong (Daniel
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& Wyse 2018; Daniel et al. 2019) and when the stellar population
in the disc has low velocity dispersion (Vera-Ciro et al. 2014, 2016;
Daniel & Wyse 2018). Observations on high redshift clump-cluster
galaxies reveal little evidence on the appearance of spiral patterns
(Elmegreen & Elmegreen 2005), and velocity dispersions in these
galaxies are observed to be relatively high (Förster Schreiber et al.
2006).
Elmegreen & Struck (2013) found, with a simplified two-
dimensional non-self gravitating model, that an exponential can
rise from various initial profiles due to stellar scattering off from
clumps, which represent stellar clusters, giant gas clouds, or other
massive objects in a galaxy. To allowmore complexity, they updated
their simulations to three dimensions (Struck & Elmegreen 2017)
and showed that an exponential stellar disc can appear within a few
Gyrs and that interstellar holes can scatter stars too. Since massive
objects that operate as scattering centres are easy to find in many
types of galaxies, the process of this scattering is thought to occur
commonly and can be responsible for the prevalence of an exponen-
tial. In isolated dwarf irregular galaxies, where bars and spiral arms
are weak, this theory may be the only effective channel to achieve
an exponential. Among the successes of the updated model, there
was still a drawback of non-self-consistency. In their code, stars
move as tracers, in the sense that the effect of their motions on grav-
itational potential is ignored, and clumps are set in fixed circular
orbits. One goal of this paper is to break that limitation and discuss
stellar scattering empowered by self-gravitating simulations. The
scattering by holes was softer than that by the clumps (Struck &
Elmegreen 2017), and produced fewer highly eccentric orbits. We
will see below that the present self-consistent models produce even
fewer highly eccentric orbits.
Elmegreen & Struck (2016) showed in a random walk model
that stars experiencing random scatterings in a disc reach an equi-
librium state distribution that is 1/r times an exponential when the
scattering has an inward bias. Struck & Elmegreen (2019) then
proved in the context of equilibria of collisionless systems that a
surface density profile of the same form is the zero entropy gradient
solution to the cylindrically symmetric Poisson equation. Because
scattering processes prefer a maximum entropy, scattering nudges
a disc towards a profile of 1/r times an exponential, which is very
close to an exponential over a disc except for the innermost region
where the factor of 1/r could make a noticeable difference.
Herewe pursue the idea of stellar scattering bymassive clumps,
and for the first time use N-body simulations to study its effect on
the stellar density profile evolution. We want to know whether an
exponential is still favoured as predicted by analytic derivation and
what the differences are in comparison with the previous models.
2 MODEL
In this section, we explain the procedures used to initialize and
evolve the model galaxies. In order to focus on the effect of grav-
itational scattering on profile evolution, many physics processes,
such as star formation, stellar feedback, and black hole feedback,
are excluded, although some of them can play an important role on
the profile evolution (see Struck & Elmegreen 2018).
Three types of particles are used in our models to represent the
populations of dark matter, star, and clumps, which work as massive
scattering centres. After a proper initial condition gets specified for
each galactic component, galaxies evolve under the control of the
N-body simulation code GADGET-2 designed by Springel (2005).
2.1 Initial conditions
We build our initial galaxies mainly following the approach de-
scribed by Springel et al. (2005), with major modifications on the
surface density distribution of the disc. The initial profiles of galaxy
components are summarized in the following paragraphs.
The Hernquist (1990) profile is used for the distribution of dark
matter:
ρdm(r) = Mdm2pi
a
r(r + a)3 , (1)
where Mdm is the mass of dark matter and a is a constant. Stars are
initially placed to make a Gaussian disc. The surface density profile
of stars is described by,
Σstar(r) = Mstar
pih2
e−r2/h2, (2)
where the scale length h controls the size of the stellar disc. The rea-
son of starting with a Gaussian disc instead of other nonexponential
forms, e.g. a flat disc, is to avoid a sudden truncation of the density
profile at the edge of the disc. The truncation may cause unrealistic
edge instability and produce fast spread of outer stars into the vacant
space, which hampers estimations of the rate of profile evolution.
The vertical mass distribution of stars is an isothermal profile. The
initial three-dimensional stellar density profile is given by,
ρstar(r, z) = Mstar2piz0h2
sech2( z
z0
) e−r2/h2, (3)
where Mstar is the mass of all the stars and z0 is a scale height
constant. Clumps are set in the stellar disc using a inverse square
root law distribution with a cutoff at the end of the stellar disc.
Mathematically, the density profile of clumps is written as,
Σclump(r) =
{ 3Mclump
4pib3/2
1√
r
, 0 < r < b
0 , r > b
(4)
where Mclump is the mass of all the clumps, and the constant b is
determined by the radius of the stellar disc. We use this inverse
square root profile to distribute clumps more or less uniformly in
the disc with a small concentration at the disc centre.
The velocity profiles of galaxy components are chosen to make
gravitational forces balanced with centrifugal forces and the whole
system close to an equilibrium. To do this, we adopt the procedure
used by Springel et al. (2005). We mention in particular that the
assumption,
σ2R = 〈v2R〉 = fR 〈v2z 〉 (5)
is taken for the stellar disc, where vR and vz are stellar velocities in
the radial direction and the vertical direction, and σR is the radial
velocity dispersion of stars.
One limitation of the initial conditions described here is the
modestly imperfect centripetal balance between gravitational forces
and centrifugal forces. As discussed later in the paper, ring waves
induced from a degree of imbalance can disturb the analysis on
orbital eccentricities and the radial bias of stellar scattering. Studies
on a control run, however, show that this limitation on the initial
condition does not significantly affect our major results (see below).
We also employ the constant factor fR to control the Toomre
Q parameter of the initial disc, using the well-known relation,
Q =
σRκ
3.36GΣ
, (6)
where κ is the epicycle frequency. Like stars, clumps all have rota-
tional velocities, which make them orbit around the galactic centre.
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Figure 1. Toomre Q of the stellar disc at T = 0 in the fiducial run. The
average value from R = 3 kpc to R = 8 kpc is Q = 1.8.
2.2 Parameters in simulations
Table 1 shows main parameters used in our fiducial run. The total
mass of the fiducial model is in the range of a dwarf galaxy. We
choose a dwarf galaxy, in part, as an analogue to a young galaxy.
The scalelength h in the equation 2 is chosen to be 5.4 kpc, which
leads to an initial radius of about 15 kpc for the stellar disc given
that the number of star particles is 1 million. The Gaussian profile
makes more than 80% of stars reside less than 7 kpc from the disc
centre. The cutoff radius b in the equation 4 is set to 13 kpc to
cover most of the stellar disc. The constant a for halo Hernquist
profile is 8.05 kpc. With the choices above, dark matter, stars, and
clumps contribute to 77% , 16%, and 7% of the mass within one
disc scalelength. The contribution of each component to the initial
rotation curve is discussed more below (cf. Figure 6). Dark matter
is dominant throughout the disc. The mass of an individual clump
in the fiducial run is about 7.3 × 106M , which is close to the in-
terstellar Jeans mass and the mass of the largest molecular clouds
(Elmegreen & Elmegreen 1987; Williams & McKee 1997). The
mass of a star particle is about 1.5×103M . Since this value is sig-
nificantly greater than the masses of real stars, the gravitational field
around a stellar particle is stronger than a real star. This indicates
the cross section of stellar collisions is greater than the real value.
To counteract this effect, we choose a relatively large gravitational
softening length for stars to ensure a collisionless stellar model. The
radial dispersion factor fR in the equation 5 is set to 1, which makes
the initial radial dispersion the same as the vertical one. Figure 1
shows ToomreQ at T = 0 as a function of galactic radii in the fiducial
run. The average value from R = 3 kpc to R = 8 kpc isQ = 1.8. This
relatively large Q makes the stellar disc dynamically hot, reducing
the effect of resonant scattering at corotation.
Parameters used in a control run, which is designed to confirm
that a profile evolution in the fiducial run is mainly caused by
massive clumps, are identical to the parameters in the table 1 ,
except for a change on the number of clumps from 200 to 1 000
000. This modification makes the mass of individual clump the
same as a star particle so that stellar scattering due to clumps is not
Table 1.Main parameters in the fiducial run
Parameters Values
Total mass Mtot 2.9 × 1010M
Mdm/Mtot 0.90
Mstar/Mtot 0.05
Mclump/Mtot 0.05
Number of dark matter particles Ndm 970 000
Number of star particles Nstar 1 000 000
Number of clumps Nclump 200
Dark halo Hernquist constant a 8.05 kpc
Initial scalelength of the stellar disc h 5.4 kpc
Initial scale height of the stellar disc z0 0.45 kpc
Cutoff radius of the disc of clumps b 13 kpc
Radial dispersion factor fR 1
Toomre Q of the initial stellar disc Qi 1.8
Gravitational softening for dark matter dm 0.2 kpc
Gravitational softening for stars star 0.1 kpc
Gravitational softening for clumps clump 0.1 kpc
pronounced. The mass of all the clumps stays unchanged to keep
the gravitational potential from clumps controlled.
The sets of parameters in other runs are based on our fiducial
run. When studying the effect of the mass of an individual clump
on the timescale of the profile evolution, we alter only the number
of clumps and keep the total mass of all the clumps unchanged, so
that the individual mass varies and the total gravitational potential
almost remains constant. When studying the effect of Toomre Q of
the stellar disc, we alter only the parameter fR which appears in
the equation 5. fR changes the radial dispersion, which is related to
Toomre Q according to the equation 6.
The time unit used in all the simulations is 49 Myr.
3 RESULTS
3.1 Formation of an exponential disc
As shown in Figure 2, the surface density profile evolves from an
Gaussian towards an exponential. Two black lines with the same
slope and length are shown to make clear the profile difference
between T = 0 and T = 200. At T = 0, the black line does not fit
the initial Gaussian disc. The line intersects the profile at R = 2.5
kpc and R = 10 kpc, so the stellar density at T = 0 is above the
line in the range between 2.5 kpc and 10 kpc. At T = 200, the black
line fits very well from 2 kpc to 10 kpc. At this time, the profile
beyond 10 kpc can be fit by another line with a steeper slope, so we
claim that the profile is a Type II exponential, which is composed of
an inner exponential and an steeper outer exponential. The profile
within R = 2 kpc forms a small cusp, where the density is above
the black line. This cusp can be seen at earlier times. As shown at
T = 30 and T = 100, the central cusp emerges after the profile of
the inner disc becomes exponential. From T = 0 to T = 200, the net
change in stellar density can be roughly interpreted in the way that
some stars in the range between 2.5 kpc and 10 kpc relocate at the
innermost part of the disc. Comparisons among profiles at different
times show that the profile evolution occurs at a fast rate before T
= 30 and settles down afterwards. The difference in profile between
T = 100 and T = 200 is little.
The formation of the exponential is accompanied by other
interesting processes. Figure 3 shows the changing appearance of
the stellar disc and clumps during the profile evolution. On some
MNRAS 000, 1–14 (2020)
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Figure 2. Evolution of the stellar surface density profile in the fiducial run.
Each successive profile, except for T = 0, is offset downwards by 4 to give
clear views. Two black lines, which have the same slope, are added to make
the change in profiles easier to see. The time unit is 49 Myr.
top view panels (e.g., at T = 10) of the stellar disc, one can see little
dotted overdense regions, which result from stars clustering around
massive clumps owing to their strong gravitational attraction. The
clustering enhances the individual clump mass and can promote
stellar scattering. At T = 10 and T = 20, flocculent spiral arms are
excited in the stellar disc and mild ring waves propagate outwards
from the centre. The appearance of arms can be explained by disc
density inhomogeneities introduced by orbiting clumps (D’Onghia
et al. 2013). The ring waves, which also reveal themselves as bumps
on surface density curves in Figure 2 (e.g., around R = 4 kpc at T =
10), are caused by a degree of non-equilibrium in initial conditions.
As we will see later in the discussion on the control run, the ring
waves should not affect most of the surface density evolution. The
arms and waves gradually die out at later times in the fiducial run.
Panels in the second row reveal the redistribution of clumps. As the
stellar density profile alters, some clumps near the edge of the disc
move further away, and inner clumps get slightly concentrated in
the disc centre. These motions of clumps are discussed more below
(cf. Figure 6). From T = 0 to T = 40, the contribution to the rotation
velocity due to clump gravity increases in the region R < 8 kpc due
to central concentration, while the contribution declines at R > 11
kpc as a result of clump diffusion at the edge. The concentration
of clumps was also observed in the simulation done by Bournaud
et al. (2007), where the increasing compactness at the centre led
to the formation of a bulge. Panels in the third row illustrate a disc
thickening. More discussion on the disc thickening is in Section 4.2.
The formation of the exponential profile results from stellar
scattering off frommassive clumps. Figure 4 shows the results of our
control run, where the number of clumps increases to one million
and the mass of all the clumps remains unvaried. The individual
clump mass is identical to a single star, so the scattering from
clumps is minimal in this run. At T = 100, the stellar surface stays
a Gaussian distribution in spite of the presence of a ring at R = 13
kpc. The distinct results of the control run show that the profile
evolution in the fiducial model is mainly caused by massive clumps
rather than ring waves. The change in the vertical profile of the
stellar disc is not observed in the control run.
Figure 5 shows the velocity profiles of the fiducial model.
From T = 0 to T = 40, rotational velocities slightly rise in the inner
region of the disc. The rotation curve decomposition in Figure 6
shows that this rise comes from the inward relocation of disc stars
and clumps. To clarify this change in rotation curve, consider a
thin uniform ring of stars at R = 5 kpc moving to the location of
R = 1 kpc. When the ring is at R = 5 kpc, the net gravitational
force acting on stars in the annulus between 1 kpc and 5 kpc points
outward. When the ring moves to R = 1 kpc, the gravitational force
from the ring in this region becomes inward. In other words, the
shrinkage of the stellar ring makes the total centripetal force in the
annulus increase. Therefore the rotational velocities in the annulus
have to rise to maintain a centripetal balance. In Figure 5, the
radial velocity dispersion and the vertical velocity dispersion both
decline with increasing galactic radius. This decrease looks like an
exponential profile and the profile agrees with the expectation made
by Martinsson et al. (2013) and Struck & Elmegreen (2019). More
discussion on the velocity dispersion is in Section 4.4.
Figure 7 shows time evolution of velocity dispersion in the fidu-
cial model. The radial dispersion starts around 6 km/s and reaches
approximately 16.5 km/s at T = 200. The vertical dispersion starts
around 6 km/s and ends up around 11.7 km/s at T = 200.When com-
pared with the rotational velocity of 65 km/s, the dispersions at T =
200 seem reasonable. The increase of the dispersion in both direc-
tions is rapid at the beginning and gradually slows down. The shape
of the two curves resemble a function of tα with α = 0.28 ± 0.01
for the R-dispersion and α = 0.43 ± 0.01 for the z-dispersion. This
result is consistent with the analytic studies on the influence of gi-
ant clouds on stellar velocity dispersion (Lacey 1984; Spitzer &
Schwarzschild 1953; Villumsen 1983). Aumer et al. (2017) showed
age-velocity dispersion relation (AVR) of the solar neighbourhood
observed by the Geneva-Copenhagen Survey on their Figure 11.
Although our galaxy model is not designed to simulate the Milky
Way, both the trend of our velocity dispersion evolution and the
ratio between radial dispersion and vertical dispersion agree with
the observed AVR. The increase in velocity dispersion is a reflec-
tion of disc heating. The rise in z-dispersion is connected to disc
thickening. More discussion on the disc thickening is in Section 4.2.
3.2 Factors that affect profile evolution timescale
The fiducial model illustrates that stellar scattering due to massive
clumps can be an effective way to generate an exponential disc. The
exponential profile starts to appear about 1.5 Gyr after the start of
the run. In this subsection, we study what factors can affect the rate
of profile evolution. We find the evolution timescale is influenced
by the mass of an individual clump and the disc stability.
High mass of an individual clump can accelerate the formation
of an exponential. Figure 8 shows the times to reach an exponential
in five runs, with the red square representing the fiducial run. More
specifically, times in the figure are the moments when an inner
exponential fully emerges for the first time in a run right before
MNRAS 000, 1–14 (2020)
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Figure 3. Evolution of the stellar disc and clumps in the fiducial run. The first row shows the top view of the stellar disc. The second row shows the top view
of 200 clumps. The third row shows the side view of the stellar disc. Colors used in the first row and the third row reflect stellar mass density viewed face-on
and edge-on respectively. The time unit is 49 Myr.
Figure 4. The galactic disc and the stellar surface profile in the control run at T = 100. Panels from left to right are the top view of the stellar disc, the top view
of clumps, the side view of the stellar disc, and the stellar surface profile, respectively. Colors used in the face-on views and the edge-on view reflect the mass
density of the viewed component. The time unit is 49 Myr.
the formation of a central cusp. These five runs take the same set
of initial conditions and parameters, except the number of clumps.
Since the total mass of all the clumps is kept unchanged, variations
in the number of clumps alter the individual clump mass. As one
can see, the time to reach an exponential is more sensitive to the
individual mass in the mass range less than the fiducial value. When
the mass deceases by a factor of 4 with respect to the fiducial run,
the time goes from 1.5 Gyr to 9.5 Gyr. When the mass increases
by a factor of 4, the time becomes 0.5 Myr, reducing to one third
of the fiducial value. Further increase in individual mass does not
noticeably shorten the time. The effect of weak individual scattering
in a low-clump-mass case can dominate the increase in the number
of scattering centres, making the overall profile evolution slow.
High-mass clumps can induce the clustering of stars around them
as seen in the fiducial run, which makes the scattering centres even
more massive. Lastly, a relatively small number of clumps in a
high-mass run tends to break the axial symmetry of the spatial
distribution of the clumps. A small number of clumps covers the
space of azimuthal positions with large gaps in azimuthal angles.
Thismakes the gravitational field coming fromall clumps have some
MNRAS 000, 1–14 (2020)
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Figure 5. Velocity profiles of the fiducial run. Blue dots, orange crosses,
and yellow plus signs represent the radial velocity dispersion, the vertical
velocity dispersion, and the rotational velocities, respectively, at T = 40. The
purple asterisks show the rotational velocities at T = 0. All the velocities are
azimuthal averages.
Figure 6. Azimuthally averaged rotation curves for different components
in the fiducial run. Solid lines represent curves at T = 40 and dashed lines
represent T = 0. The unevenness seen in the clump curves results from
large variance in gravitational potentials at different azimuthal angles, as the
number of clumps in the run is relatively low.
Figure 7. Time evolution of velocity dispersions in the fiducial model. Blue
asterisks and orange circles represent the radial dispersion and the vertical
dispersion respectively. The plotted values at each time are dispersions
averaged in the annulus between 5 kpc and 10 kpc. Black curves are the best
fitting curves assuming a power-law model that the velocity dispersion is
proportional to tα . The fitting gives α = 0.28 ± 0.01 for the R-dispersion
and α = 0.43 ± 0.01 for the z-dispersion.
non-axisymmetric features. For example, an azimuthally uniform
distribution of six clumps at the same galactic radius creates an
m = 6 pattern in the clump potential. A non-uniform distribution
can generate even lower orders of harmonic patterns. Since we know
that non-axisymmetries in spiral arms and m = 2 bars are capable
of scattering stars and producing an exponential profile, the non-
axisymmetry in the gravitational field of clumps may play the same
role and therefore expedite the density profile change.
Discs with low stability also tend to evolve faster. The Toomre
Q parameter is used as a measure of disc stability. Three simulations
with different initial radial velocity dispersions are conducted and
their surface profiles at T = 40 are shown in Figure 9. The best-
fitting exponential profiles over the range from 2 kpc to 10 kpc
are shown. The slopes of these three profiles from top to bottom
are −0.498 ± 0.003, −0.408 ± 0.003, and −0.364 ± 0.002, showing
that the exponentials that three runs will finish with have slightly
different scale lengths and that the scale length corresponding to a
higher initial Toomre Qi is slightly shorter. The difference in slope
makes it difficult to determine the time to reach an exponential,
but we can still compare the rate of profile evolution among these
runs by looking at the size of a central cusp. As shown before
in Figure 2, a cusps starts to develop after an inner exponential
forms. The well pronounced central cusp in the yellow (Qi = 0.9)
run indicates that the density profile of this run has evolved to a
more advanced stage than the other two runs. Discs with lower
initial Toomre Q are able to evolve slightly faster. A lower Q makes
the disc more reactive to perturbations, so the secondary effects of
MNRAS 000, 1–14 (2020)
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Figure 8. Time to reach an exponential profile as a function of individual
clump mass. Each marker in the graph represents a run, with the orange
square representing the fiducial run. All the five runs use the same set of
parameters, except for the number of clumps. Since the total mass of all
the clumps is kept unchanged, variations in the number of clumps alter the
individual clump mass.
Figure 9. Surface density at T=40 for three runs startingwith different radial
velocity dispersion profiles. The Toomre Q of the initial stellar disc for the
blue run, the orange run, and the yellow run are 2.7, 1.8, and 0.9 respectively.
The orange run is the fidicual run. Black lines are linear regression lines
that fit each density profile in the range from 2 kpc to 10 kpc. The slopes of
these three lines are shown in the figure. Each successive profile, except the
blue (top) one, is offset downwards by 4 to give clear views.
clumping around the clumps and spiral wavelets are larger at a lower
Q, which can expedite the profile evolution. The strong clumping
can also scatter stars more intensely, throwing them further out,
thereby explaining the shallower slope in a low-Q run. The trial of
Qi = 0.9 is initially unstable. It develops manifest arms and the disc
gets heated up rapidly. However, in this case, the migration of stars
still occurs and the density profile still evolves to an exponential.
4 DISCUSSION
4.1 Changes in stellar orbits
4.1.1 Eccentricity
The density profile evolution in a galaxy by nature is a collective
effect of changes in billions of stellar orbits. Preliminary analyses
on stellar orbits show that most of the abrupt variations on orbits
in our simulations are caused by close encounters with one or more
clumps, although some may result from interactions with spiral
wavelets. Here we discuss some properties of stellar orbits. More
detailed analysis will be done in the future.
Figure 10 shows orbital parameters of a star in the fiducial run.
The top left panel gives the distance from this star to the nearest
clump as a function of time. As indicated by the big dip on this
panel, the star experiences an encounter with clumps around T
= 13 . The three bottom panels from left to right show the time
dependence of the z-component of the specific angular momentum,
the semi-major axis, and the eccentricity of the star, respectively.
The semi-major axis and the eccentricity at each time point are
estimated by the specific angular momentum and the specific energy
at that time assuming a Keplerian orbit to the first order. When the
star encounters one or more clumps around T = 13, sharp changes
in the stellar velocity produce dramatic temporary variations on
calculated angular momentum, semi-major axis, and eccentricity as
seen in the figure. Neglecting the spike on the eccentricity panel
which occurs at the encounter time, the net eccentricity of the orbit
decreases moderately after the scattering. The angular momentum,
however, changes significantly after the encounter at T = 13. This
type of clump scatterings, which can shift stars radially without an
increase in eccentricities, is common in the fiducial run. Sellwood
& Binney (2002) mentioned, in the appendix of their paper, that a
star cloud scattering produces little change in stellar randommotion
energy if a star passes a cloud whose azimuthal speed relative to
the star is close to 0. This theory is a possible explanation for the
scattering we see here.
Close encounters can generate a more eccentric orbit some-
time. Figure 11 shows orbital parameters of another star in the fidu-
cial run. The big dip on the top left panel indicates that an encounter
happens around T = 27. As shown in the angular momentum panel
and the eccentricity panel, this encounter pulls the star inward and
makes the orbit more eccentric. This type of scatterings contributes
to a rise in the average orbital eccentricity, as we will see in the next
figure.
Figure 12 shows the distribution of stellar orbital eccentricities
and semi-major axes at T = 0 and T = 30 in our fiducial model.
Each blue dot represents a star. Red lines and black lines show
eccentricities averaged over semi-major axis bins. The panel on the
right shows the two average lines again, using a smaller scale on the
y-axis, to make an easy comparison. In general, stars in our model
have eccentricities less than 0.4. Stars with very high eccentricities
are located only in the inner disc. From T = 0 to T = 30, the
eccentricities of stars go up slightly in the annulus from 3 to 13
kpc, which is in accord with the increase in the velocity dispersions
shown in Figure 7.
4.1.2 Energy and angular momentum
Figure 13 shows changes in the specific mechanical energy and the
z-component of specific angular momentum for 6534 stars sampled
with galactic radii between 7.5 kpc and 7.6 kpc at time T = 10 in the
fiducial run. In both panels, each blue dot represents one sampled
MNRAS 000, 1–14 (2020)
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Figure 10.Orbital parameters of a star in the fiducial run from T = 0 to T = 30. The top left panel gives the distance from this star to the nearest clump at a given
time. The top middle panel shows the projection of the star’s orbit on the midplane of the galaxy. The star starts at (2.24, -9.66), moves counterclockwise, and
reaches (-10.3, 4.95) at T = 30. The top right panel shows the distance from the star to the galactic centre. The three bottom panels from left to right show the
z-component of the specific angular momentum, the semi-major axis, and the eccentricity of the star, respectively. The semi-major axis and the eccentricity at
each time point are estimated by the specific angular momentum and the specific energy at that time assuming a Keplerian orbit fit as a first order approximation.
Figure 11. Orbital parameters of another star in the fiducial run from T = 0 to T = 30. Quantities plotted in this figure are the same as Figure 10. This star starts
at (4.15, -8.53), moves counterclockwise, and reaches (1.47, -5.64) at T = 30.
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Figure 12. Orbital eccentricities of stars as a function of semi-major axis in our fiducial model. The left and the middle panel shows the distribution of
eccentricities at T = 0 and T = 30 respectively. Each blue dot represents a star. Red lines and black lines show eccentricities averaged over semi-major axis bins.
The panel on the right show the two average lines again, using a smaller scale on the y-axis, to make an easy comparison.
Figure 13. Changes in the specific mechanical energy and the z-component of specific angular momentum for 6534 stars sampled with galactic radii between
7.5 kpc and 7.6 kpc at T = 10 in the fiducial run. The top panel and the bottom panel show the changes from T = 10 to T = 20 and from T = 10 to T = 40
respectively. In both panels, each blue dot represents one sampled star, and the red solid lines show how the energy and the angular momentum would change
if a sampled star were in a circular orbit at T = 10 and maintained its circularity on an orbit of different size at a later time.
star, and the red solid lines show how the energy and the angular
momentumwould change if a sampled star were in a circular orbit at
T = 10 and maintained its circularity on an orbit of different size at
a later time. Changes in specific angular momentum reflect shifts of
orbits in the radial direction, or orbit size. At 7.5 kpc, an increase of
200 kpc·km/s in Lz corresponds to an outwards shift of the guiding
center radius by 3 kpc, and an increase of 400 kpc·km/s gives a
shift of almost 6 kpc. Since the red lines in both panel match well
with the distribution of blue dots, we say that radial shifts of most
orbits are not accompanied by large increases in random orbital
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energy. When taking a closer look at the figure, the vertical span of
the distribution at a given abscissa, however, does increase slightly
from the left panel to the right panel, indicating that there is a small
increase in random energy on average. This is consistent with the
moderate change in average eccentricity. In the figure, the right end
of the distribution converges on the red line better than the left end,
indicating that stars moving outwards are more likely to conserve
orbital circularity than stars moving in.
The comparison between the two panels in the figure also
shows that shifts of stellar orbits correlate with time. A longer time
allows stars to move further away from their original paths.
4.2 Disc thickening
As seen in Figure 3, disc thickening is a characteristic of the fiducial
run. Here we discuss some details on vertical profiles of the fiducial
run.
As shown in Table 1, the stellar disc starts with a scale height
z0 of 0.45 kpc, assuming a hyperbolic secant squared (sech2(z/z0))
profile. Figure 14 shows how the scale height within galactic radii
between 3 kpc and 7 kpc evolves with time in the fiducial run (top
panel) and in the control run (bottom panel). Clearly in the fiducial
run, stars spread away from the mid-plane of the disc, with the scale
height gradually increasing and reaching about 1.1 kpc at T = 100.
In the control run, however, the scale height hardly changes with
time. To figure out reasons behind disc thickening in the fiducial
run, it is necessary to look at the vertical profile of clumps. As close
encounters with clumps are responsible for most changes in stellar
orbits, the vertical distribution of clumps can significantly affect
vertical motions of stars.
Figure 15 shows half-mass heights of stars and clumps as a
function of galactic radii at T = 0 and T = 200. When the secant
squared distribution is assumed in z-direction, a half-mass height is
about 55% of the scale height z0. Since z0 = 0.45 kpc at T = 0, the
half-mass height for the initial stellar disc is 0.25 kpc at all radii. The
half-mass heights of clumps at T = 0 are almost identical to those
of stars within 5 kpc, but the clump disc flares in the outer region.
This initial vertical profile of clumps can be viewed as mimicking
the distribution of gas in an accretion process. Since the half-mass
heights of clumps are initially no less than stars in most regions of
the disc, there are many clumps moving with a vertical amplitude
that is greater than most stars. Scatterings from these clumps can
pump stars to higher altitudes. At T = 200, half-mass heights of stars
and clumps are much higher than the initial values. The reason why
clumps in the outer disc get high vertical displacement may be that
the density of the stellar disc there is too low to effectively constrain
the vertical motion of the clumps.
The half-mass heights of stars at this time show a near-linear
dependence on galactic radii. From R = 1 kpc to R = 15 kpc, the
height increases by a factor of 2 as shown in Figure 15. This aligns
very well with the results by Narayan & Jog (2002). The reason we
do not get a constant height, as seen in Bournaud et al. (2009) and
Wilson et al. (2019), may be that our galaxy is dominated by dark
matter at all radii. When using the equation
z0 =
σ2z
piGΣstar
(7)
derived by van der Kruit & Searle (1981) to calculate the scale
height of stars at T = 200, the scale height obtained rises up linearly
in the inner disc, but goes exponentially beyond 6 kpc. In the inner
disc, the vertical velocity dispersion decreases nearly exponentially
with radius (see Figure 5 for reference, the dispersion profile at T =
Figure 14. Normalized vertical distributions of stars at different times in
the fiducial run (top panel) and the control run (bottom panel). Blue, orange,
yellow, and purple lines (from highest peak to lowest) represent distributions
at T = 0, 20, 40, and 100, respectively. Stars are sampled in a region with
galactic radii between 3 kpc and 7 kpc. The z-coordinates of stars are binned
using a bin width of 0.3 kpc.
200 has a shape similar to that at T = 40). This decrease balances
with the exponential stellar surface density, making the calculated
z0 have a very low rate of increase within 6 kpc. In the outer disc,
the decrease of the dispersion is much slower (see Figure 5), and the
decrease of the surface density is faster (see Figure 2). Therefore,
the calculated z0 rises up exponentially in the outer disc. A more
accurate way to compute z0 is to replace the stellar surface density
Σstar in the equation 7 with the total surface density from all the
galactic components. When dark matter and clumps were included,
the surface density would decrease like an inverse power law in the
outer disc, causing z0 to increase much less rapidly in the outer part
and fit the curve in the figure better.
4.3 Comparison with previous simulations
Results in our simulations confirm most of those of the test parti-
cle models of Struck & Elmegreen (2017). In their models, a Type
II exponential forms out of a flat initial disc due to stellar scat-
tering, and a noticeable disc thickening accompanying the profile
evolution is seen. Moreover, the developed velocity profiles and the
evolution of velocity dispersion in their simulations are similar to
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Figure 15. Half-mass heights of stars and clumps as a function of galactic
radii at T = 0 and T = 200. The blue dashed line and the red dashed line
represent median values of |Z| at different radii at T = 0 for stars and clumps
respectively. The cyan line and the black line are median values of |Z| at T
= 200.
ours. This consistency verifies the validity of non-self-gravitating
models used to investigate the effect of stellar scattering. There
are also some differences. The first one comes when comparing
the distribution of orbital eccentricity of stars. Most stars in their
model have eccentricities greater than 0.4, which is much higher
than the eccentricities shown in our Figure 12. On one hand, as
they mentioned in their paper, the very high eccentricities may be
an artefact due to the unreal initial conditions in their model. On
the other hand, high eccentricities in their model indicate that the
nature of stellar scattering in their run may be different than ours
(e.g., with different smoothing sizes). The second difference is the
time to reach an exponential. Their fudicial model takes a longer
time to obtain a smooth exponential. However, since parameters
and initial conditions used are so different, the evolution time is not
directly comparable.
Bournaud et al. (2007) showed, using a sticky-particle code,
that a gas-rich flat disc evolves to an exponential disc in 1 Gyr
with the rapid formation of clumpy structures along the way. While
stellar scattering due to massive clumps plays an important role
in their simulations regarding the formation of the exponential,
two other factors also significantly contribute to this process. The
first one is that the initial disc in their fiducial run is gravitationally
unstable. This instability leads to violent phasemixing and produces
intense grand-design spirals. Phase mixing may assist in making
exponentials. The other factor is that their initial density profile
has a sharp edge at 6 kpc. The sudden truncation of the density
profile is not realistic and causes fast spread of the outer disc, which
dominates the surface profile evolution in the region beyond 6 kpc.
In our models, we circumvent these two factors and try focusing on
the effect of stellar scattering only.
4.4 Comparison with analytic theories
Struck&Elmegreen (2019) did analytic work, showing that the zero
entropy gradient solution to the Poisson equation has the form of 1/r
times an exponential for: surface density, radial velocity dispersion,
Figure 16. Surface density profile at T = 200 in the fiducial run. The
red dashed line shows the best fitting curve with a form of 1/r times an
exponential. The galactic radii within in 12.5 kpc are used for this fitting.
The black line shows a linear fitting, which represents a purely exponential
profile.
and the square of vertical velocity dispersion in the case of self-
gravitating discs. Stellar scattering pushes the disc towards this
solution regardless of the initial shape of the disc. Our models are
in line with most of their results. The appearance of the central cusp
in our models makes the final surface profile resemble a function
of 1/r at the innermost disc, and the radial decrease in the rest of
the disc resembles an exponential, so the overall density profile fits
1/r times an exponential well. Figure 16 shows the best fitting curve
with a form of 1/r times an exponential at T = 200 in the fiducial
run. From 3 kpc to 11 kpc, the difference between the red dashed
curve and the black line is little. In the region R < 3 kpc, 1/r times
an exponential matches the density profile much better. Therefore,
we claim that 1/r times an exponential is preferred for the eventual
equilibrium state of the disc. We have to say that the central cusp
may not appear in the surface profile of a real galaxy, because the
central region has largemean free paths and other physical processes
excluded by our model may dominate there. Velocity dispersions in
Figure 5 show a near-exponential decrease in the inner disc, but the
rate of the decrease slows down in the outer disc. The digression
from an exponential decrease in the outer disc may indicate a degree
of incomplete scattering in our model.
We did a few special runs with non-Gaussian initial profiles to
test the dependence of profile evolution on initial density distribu-
tions. Figure 17 shows the profile evolution of a flat disc. At T = 200,
the disc exhibits a near-exponential profile with a central cusp. Fig-
ure 18 shows a profile evolution starting with an 1/r density profile.
This model reaches a near-exponential profile with a central cusp
as well. These results seem to support that 1/r times an exponential
is favoured by scattering under various initial profiles.
Elmegreen & Struck (2016) showed that when stars in a disc
experience multiple two-dimensional scatterings and the relocation
of stars due to the scatterings prefers inwards directions than out-
wards directions by a fixed degree, the density distribution of stars
will converge to 1/r times an exponential, which is a stable equilib-
rium under a two-dimensional randomwalkmodel. The scale length
of the exponential is determined by the strength of the inwards bias.
A stronger bias generates a steeper exponential. They also showed
that if the strength of the bias is dependent of scattering locations in
the disc, the density profile can evolve to a double exponential.More
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Figure 17. A run starting with a flat density profile reaches a near-
exponential profile with a central cusp.
Figure 18. Another run starting with an 1/r density profile. This model
reaches an near-exponential profile with a central cusp as well.
Figure 19. Fraction of stars moving inwards in the fiducial run. Stars in 30
thin annuli with different galactic radii are tracked for a period of 15 time
units. A star’s final location is compared with its initial location to determine
whether the star moves inwards or not. The x-axis represents galactic radii
of sampled annuli, and the y-value of each mark shows the fraction of stars
in that annulus moving inwards during the period. Blue crosses, orange plus
signs, and black open circles represent time periods from 0 to 15, from 15 to
30, and from 30 to 45, respectively. The purple dash line shows the fraction
equal to 0.5, where the number of stars moving inwards equals stars moving
outwards.
specifically, if the inwards bias in the inner disc is less intense than
the outer disc, a Type II exponential will form. If the inner disc is
more intense, a Type III exponential will occur. Stellar scatterings in
our fiducial model have directional biases. To measure the strength
of biases and examine its dependence on galactic radius , we track
stars in 30 thin annuli for a period of 750 Myr and use the excess
fraction of stars moving inwards versus outwards as an index for
bias strength. As shown in Figure 19, the fractions of stars moving
inwards exhibit both time dependence and radial dependence.
During the period from T = 0 to 15, the fractions in almost
all the radii are greater than 0.5, indicating an inwards bias across
the entire disc. The fraction at 0.5 kpc is less than 0.5 because it
is almost impossible for these innermost stars to move further in.
As time goes on, the inwards bias of scattering diminishes. During
the periods from 15 to 30 and from 30 to 45, the disc within 7
kpc has no apparent bias. Since the profile evolution towards an
exponential occurs fast from T = 0 to 15, the formation of the
exponential in our model can result from the inwards scattering bias
seen in this first period. As shown by thewave-like shape of the three
curves in the figure, the fractions of stars moving inwards oscillate
as functions of radii. This may be due to an axisymmetric disc
vibration mode in radial direction coming from the imperfect initial
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centripetal balance. This secondary radial oscillation superposed on
the relatively global inward bias can produce the curves.
5 CONCLUSIONS
Results from self-gravitating simulations show that stellar scattering
due to massive clumps can lead to the formation of an exponential
disc. Scattering increases stellar velocity dispersions, and the time
evolution of radial and vertical dispersions resemble a function of tα
with α = 0.28 ± 0.01 for the radial dispersion and α = 0.43 ± 0.02
for the vertical dispersion, which agrees with analytic studies on
the influence of giant gas clouds on stars. The disc thickens with
time because of scattering. This is unlike resonant radial migration
which does not lead to disc thickening (Minchev et al. 2012). The
scale height of the evolved stellar disc increases linearly by about
a factor of 2 from the centre to the edge. Eccentricities of stellar
orbits increase modestly during density profile evolution. Close
encounters between stars and clumps can make stellar orbits more
eccentric as strong impulsive scattering events seen in Struck &
Elmegreen (2017), but many leave the stellar eccentricities with
little change, which is similar to the cloud scattering with a low
passing speed as discussed in the appendix of Sellwood & Binney
(2002). Resonant radial migration is unlikely to be responsible, as
Vera-Ciro et al. (2014) found that scattering at corotation resonance
(churning) does not change the profile or other structural parameters
of the disc. We are currently investigating these processes in more
detail. Other processes, like multiple scattering events, may play
important roles in the profile evolution as well.
The rate of profile evolution due to scattering correlates with
local gravitational stability of the stellar disc and is sensitive to the
masses of individual scattering centres. Low stability and high scat-
tering mass can generate exponential forms quickly. Since Toomre
Q used to measure disc stability is related to stellar surface density,
a change in disc mass or disc size will affect the evolution timescale.
Other factors, such as the size of clumps and the mass of the dark
matter halo, may have an influence on the timescale as well. Our
fiducial model reaches a Type II exponential in about 1.5 Gyr, but
this time can vary as properties of the galaxy change.
The profile evolution due to scattering can make a near-
exponential disc under various initial density distributions. The ap-
pearance of a central cusp in the final profile makes the equilibrium
distribution resemble a function of 1/r times an exponential, like that
derived by analytic work assuming a minimum entropy gradient of
the stellar system (Struck & Elmegreen 2019; Elmegreen & Struck
2016) or assuming a maximum entropy in specific angular momen-
tum distribution (Herpich et al. 2017). Marr (2020) also showed
that an equilibrium galactic disc is a microcanonical ensemble with
maximum entropy and that the equilibrium disc density profile is a
lognormal distribution, which can fit with a near-exponential profile
well. The central cuspmay not be realized in galaxies with relatively
large mean free paths in the central regions, since these analyses as-
sume scattering on all scales. Similarly in the outer parts of discs,
quite long-lived Type II and III profiles may result from incomplete
scattering evolution or driving by another component, such as a bar.
Nonetheless, with these caveats, the convergence of these different
approaches, and the present work, suggest this profile form is robust
and universal.
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